Abstract. For a positive integer m, set ζ m = exp(2πi/m) and let Z * m denote the group of reduced residues modulo m. Fix a congruence group H of conductor m and of order f . Choose integers t 1 , . . . , t e to represent the e = φ(m)/f cosets of H in Z * m . The Gauss periods
ON THE MINIMAL POLYNOMIAL OF GAUSS PERIODS FOR PRIME POWERS
To determine the coefficients of the period polynomial g(x) (or equivalently, its reciprocal polynomial G(X) = X e g(X −1 )) is a classical problem dating back to Gauss. Previous work of the author, and Gupta and Zagier, primarily treated the case m = p, an odd prime, with f > 1 fixed. In this setting, it is known for certain integral power series A(X) and B(X), that for any positive integer N
G(X) ≡ A(X) · B(X)
holds in Z[X] for all primes p ≡ 1(mod f ) except those in an effectively determinable finite set. Here we describe an analogous result for the case m = p α , a prime power (α > 1). The methods extend for odd prime powers p α to give a similar result for certain twisted Gauss periods of the form
where ( p ) denotes the usual Legendre symbol and i * = i (p−1) 2 4 .
Introduction
For any positive integer m, set ζ m = exp(2πi/m) and let Z * m denote the group of reduced residues modulo m. Fix a congruence group H defined modulo m of order f and conductor m. Choose integers t 1 = 1, t 2 , . . . , t e to represent the e = φ(m)/f cosets of H in Z * m . The Gauss periods
corresponding to H lie in the subfield K of Q(ζ m ) fixed by the Galois actions induced by sending ζ m → ζ x m for x ∈ H. They are conjugate and distinct over Q 2022 S. GURAK [8, 11] , and have minimal polynomial
of degree e. For any numerical character χ defined modulo m, the Gauss sum G(χ) is given by
The Gauss periods (1) are intimately related with the sums (3); namely,
χ(t j )θ j for any character χ annihilating H, and
where χ runs through the characters defined modulo m which annihilate H. (Herē χ denotes the multiplicative inverse of the χ.) It is well known from the theory of equations [4] that the coefficients c r of g(x) in (2) can be computed in terms of the symmetric power sums S n = (θ j ) n using Newton's identities
Alternatively, if
is the reciprocal polynomial of g(x), its logarithm is formally expressed as
S n X n n in terms of the power sums S n . To determine the coefficients of the period polynomial g(x) in (2) (or equivalently its reciprocal polynomial in (7)) is a classical problem dating back to Gauss [5] . When f = 1 one has θ 1 = ζ m in (1) whose minimal polynomial is the well-known cyclotomic polynomial
when m = p α , a prime power. Henceforth, we shall assume f > 1 throughout this paper.
Previous work of the author [7] and Gupta and Zagier [6] primarily treated the case m = p, an odd prime, with f > 1 fixed. In this case, the beginning coefficients of g(x) exhibit a polynomial dependence on p for all sufficiently large primes p ≡ 1(mod f ). More precisely, Gupta and Zagier [6] showed for certain integral power series A(X) and B(X) depending only on simple arithmetic properties of the f -roots of unity ζ
for all primes p ≡ 1(mod f ) except for those in an effectively determinable finite set. Moreover, they give an elegant algorithm to compute the exceptional sets. For f = 2, the congruence (10) holds for N = p, so G(X) is uniquely determined. Indeed,
exactly in closed form, a formula known to Gauss [5] . (Here [ ] denotes the greatest integer function.) Some extensions of these results for certain congruence groups H of square-free conductor m = p 1 · · · p r with a fixed number of prime factors of specified types have been suggested (see [8] and also [6] ). However, the prime power case m = p α , α > 1, seems to have been overlooked. It is this situation we describe here. The case p = 2 is treated first, separately in Section 2, where closed form formulas are known for G H (X) for any congruence group H of conductor 2 α . In Section 3 we give an analog of (10) for Gauss periods corresponding to congruence groups H of odd prime power conductor p α , α > 1, together with an adaptation of Gupta and Zagier's algorithm to determine exceptional prime powers. When f = 2 this congruence is shown to hold modulo X p α−1 , not enough though to completely determine G(X). However, we have recently found [9] closed form formulas in this case for G(X) which generalize (11) . In the final section, we extend the results for odd prime powers p α to certain twisted Gauss periods of the form
where ( p ) denotes the usual Legendre symbol and i * = i
twists or integer multiples of them arise classically as values of Kloosterman sums [10] , [13] for odd prime powers p α , α > 1.
Gauss periods for 2 α
Throughout this section H is a congruence group of conductor 2 α (α > 1) and order f > 1. It is known that there are only two possible choices for H. For the sake of completeness we include a brief rationale for this fact.
Proof. Since H has conductor 2 α with f > 1, it is known from class field theory that the field K corresponding to H is a proper subfield of Q(ζ 2 α ) not contained in Q(ζ 2 α−1 ), and so α > 2. Since 2|f , H contains an element of order two modulo 2 α -either 2 α − 1, 2 α−1 − 1 or 2 α−1 + 1. The last choice can be eliminated since H has conductor 2 α . Thus K is contained in one of the cyclic fields Q(ζ 2 α + ζ 
2 α , each with f = 2 and α > 2. The corresponding minimal polynomials are classically known from the properties of Chebyshev polynomials. We quote results from [9] relevant to the discussion here.
Theorem 1. The minimal polynomial for ζ
or the power sums
where
The minimal polynomial for
We treat the case when H has an odd prime power conductor next.
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Gauss periods for odd prime powers
Throughout this section we assume the congruence group H in (1) has conductor m = p α with p odd and α > 1.
H equals the group of f -roots of unity in Z * p α . In particular, since H has conductor p α , p |f so p ≡ 1(mod f ). To compute the symmetric power sums S n , we introduce certain counting functions T n (p γ ) for 0 < γ ≤ α as in [8] . Specifically, let T n (p γ ) count the number of times
(1 ≤ i ≤ n) . These counting functions possess the following useful property.
Proof. First observe that any f -root of unity x mod p γ−1 lifts to a unique f -root of unity x mod p γ , since
. Thus each solution
φ(p γ−1 )/f lifts to a unique solution
The statement of the lemma now readily follows. Now observe in the expansion (8) log
that S n equals the inner sum
But in view of the lemma above, and since
Now let β f (n) count the number of times 1 + · · · + n = 0 for f -roots of unity
above. Letting ξ f (n) be the set of odd prime powers p α (α > 1), p ≡ 1(mod f ), for which T n (p α−1 ) > β f (n) and putting
one obtains from (8) and (15) 
Theorem 2. For each natural number N , the congruence
G(X) ≡ B(X)
Before giving some examples, some comments concerning the result above and the computation of the exceptional sets ξ f (n) are in order. The power series B(X) in (16) is the same integral power series appearing in [6] . The counting function β f (n) has a nice expression when f is a prime power or twice a prime (chiefly, Theorem 2 in [6] ) In particular, one has
when l is a prime and
if n is even (see also Corollary 2 in [8] ). Gupta and Zagier [6] give an elegant alternative expression for β f (n) which is useful in computing the exceptional sets ξ f (n). For any tupleī
where ψ f (x) denotes the f th cyclotomic polynomial (9) . If one fixes a primep lying above p in Q(ζ f ), then 
n . It is enough to consider tuplesī, inequivalent under translation and permutation. Table 1 shows the results of this computation for finding exceptional prime powers p 3 among the inequivalent n-tuplesī for which Rī ≡ 0(mod p 2 ), Rī = 0 in cases (f, n) = (4, 7), (5, 7) and (3, 11) .
To illustrate when f = 5 and n = 7, one finds six inequivalent classes of 7-tuples i with p 2 |Rī and Rī = 0. Representatives for each such class are given in Table 1 ; all have resultant Rī = 121. To check if 11 3 ∈ ξ 5 (7) one may choosep 11 = 2 + ζ as β 5 (7) = 0.
The "new" exceptional prime powers for given n are the elements of ξ f (n) which do not appear in ξ f (n ) for some n < n. Table 2 lists the "new" exceptional prime powers for 3 ≤ f ≤ 8 and small values of n. Here are a couple of examples to illustrate Theorem 2.
Example 1.
Consider the case p = 7 with f = 3, so
0 o t h e r w i s e from (17) with 
The underscored coefficients deviate as expected from the pattern of the beginning coefficients given by Theorem 2. The underscored coefficients deviate as expected from the pattern of the beginning coefficents given by Theorem 2.
We conclude this section with a discussion of the case f = 2 where a closed formula for G(X) has been obtained [9] . The power series B(X) in (16) 
